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Additional exercises for Unit D1 


Additional exercises for Unit D1 


Section 1 


Additional Exercise D1 


Arrange the following numbers in increasing order. 
(a) 7/36, 3/20, 1/6, 7/45, 11/60 
(b) 0.465, 0.465, 0.465, 0.4655, 0.4656 


Additional Exercise D2 


Find the fractions whose decimal representations 
are as follows. 


(a) 0.481 (b) 0.48T 


Additional Exercise D3 
Let x = 0.21 and y = 0.2. Use long division to find 
x+y and zy in decimal form. 

Additional Exercise D4 


Find a rational number z and an irrational number 
y, both in the interval (0.119, 0.12). 


Section 2 


Additional Exercise D5 


Solve the following inequalities. 


=l xr+i1 
© aya a ©) 


(c) |17 — 224] < 15 


4zr—3 >r 


Section 3 


Additional Exercise D6 


Use the Triangle Inequality to prove that 


la| <1 = > ļa-3|>2. 


Additional Exercise D7 


Prove that 
(a? + b?)(c? +d?) > (ac + bd)’, for a,b,c,d € R. 


Additional Exercise D8 


Prove the inequality 
3” > 2n? +1, for n > 1, 


(a) by using the Binomial Theorem, applied to 
(1+<2)” with z = 2 


(b) by using mathematical induction. 


Additional Exercise D9 


Apply Bernoulli’s Inequality, first with x = 2/n 
and then with z = —2/(3n), to prove that 


2 2 
eee eee for n > 1. 
2 n 


1 
H = 


Additional Exercise D10 Challenging 


Use mathematical induction to prove that 


<4/ 3/4 , forn>1. 
2n+1 


1-3-5-...-(2n-1) 
2-4-6-...-(2n) 


Additional exercises for Unit D1 
Section 4 


Additional Exercise D11 


In this exercise, take 
E ={reQ:0< ¢ <1} 

and 
E ={(1+1/n} :n=1,2,...}. 

(a) Prove that each of the sets Æ and Es is 
bounded above. Which of them has a 
maximum element? 

(b) Prove that each of the sets Æ and Es is 
bounded below. Which of them has a 
minimum element? 

(c) Determine the least upper bound of each of 
the sets Fy and Ep. 

(d) Determine the greatest lower bound of each of 
the sets E and Ep. 


Solutions to additional exercises for Unit D1 


Solutions to additional exercises for Unit D1 


Solution to Additional Exercise D1 


(a) Putting all the fractions over the common 
denominator of 180, we obtain 


3 7 1 ll 7 

20 < 5 <6 < 60 < 36 
(Alternatively, we can compare the decimal 
representations of these fractions.) 


(b) 0.465 < 0.4655 < 0.465 < 0.4656 < 0.465 


Solution to Additional Exercise D2 
(a) Let x = 0.481. 
Multiplying both sides by 10°, we obtain 

1000x = 481.481 = 481 + z. 


Hence 
999x = 431, so x = 481/999 = 13/27. 
(b) Let y = 0.1. 


Multiplying both sides by 10, we obtain 
10y=11T=1+y. 


Hence 
9y = 1, so y = 1/9. 
Thus 
(pte ae ee 


100 100 100 900 900° 
Solution to Additional Exercise D3 


If x = 0.21, then multiplying both sides by 100 we 
obtain 


100z = 21.21 = 21+ z. 
Hence 
992 = 21, so xz = 21/99. 


If y = 0.2, then multiplying both sides by 10 we 
obtain 


Hence 
9y = 2, so y = 2/9. 
Thus 
21 2 43 E 
= — + =- = — = 0.43 
T+Y= 99 +9 ~ 99 


and 

21 
99 
Solution to Additional Exercise D4 


For example, 


2 
ry = x 9 307 0.047 138. 


297 


x = 0.1195 and y = 0.119501 001..., 


where 501001... is a non-recurring tail. 


Solution to Additional Exercise D5 


(a) Note that this inequality should not be solved 
by cross-multiplying because z? — 4 can be 
positive, zero or negative depending on the value 
of x. Rearranging this inequality we have 


ToL 2 si as gelt x—l1 

z? +4  xz2?—4 z2?—4 r?+4 
2r(x + 4) 

<= 0< — 

(x? — 4)(a? + 4) 

2 4 

eS 0< ots) 


(x — 2)(x + 2)(a? +4) 
Using a table of signs, including the factors 
g,co+4,2—2,2+2 and z? + 4, we find that the 
solution set is 
= g+ 
{oa <A 
(b) The expression \/4z — 3 is defined, and 
non-negative, when 4g — 3 > 0; that is, for x > 3. 


} = (—00, —4) U (2,0) U (2,00). 


For x > 3, we see that 
4r—3 >r 4> 4¢-3>2° 
4> 0>’ —4r+3 
<=> 0 > (x—1)(x-— 3). 
Hence the solution set is 
{x : vV4z — 3 > x} = (1,3). 
(c) Rearranging this inequality we have 
|17 — 2zf| < 15 eS —15 < 17 Se < 15 
<> —32< —21* < —2 
4> 16> x7>1 
4> 2a >; 


Hence the solution set is 


{z : |17 — 2x*| < 15} = [—2, —1] U [1, 2]. 


Solution to Additional Exercise D6 


Suppose that |a| < 1. By the backwards form of 
the Triangle Inequality, 


la — 3| > |la| — 3| 


= 3 — |al 
>2 


(since |a| — 3 < 0) 
(since |a| < 1). 


Hence 


la| < 1 => |a - 3| > 2. 


Solution to Additional Exercise D7 


We rearrange the inequality into a simpler 
equivalent form: 


(a + b*)(c? + d) > (ac + bd)? 
sifted +e tba? 
> a? + 2acbd + bd? 
<> Ê +b? — 2acbd > 0 
<=> (ad — bc)? > 0. 
The last inequality is true for all a, b, c, d € R, so 


the first inequality must also be true for all a, b, c, 
d € R, as required. 


Solution to Additional Exercise D8 


(a) We substitute x = 2 in the Binomial Theorem 
and notice that all the terms are positive; this 
gives, for n > 2, 


=] 
3 =(142)">142n 4 y 
=1+2n+ 2n(n — 1) 


=1+2n’. 
For n= 1, 
3 Sg 14 on", 
Thus 
3° Lon, for n > 1. 


(b) To use mathematical induction, we let P(n) 
be the statement 


a” > 1+2. 
As noted in part (a), 
3” =3=1+2nr?, forn=1, 
and so P(1) is true. 
Now let k > 1 and assume that P(k) is true; that 
is, 


a” > 2k? +1. 


Solutions to additional exercises for Unit D1 


We wish to deduce that P(k + 1) is true; that is, 
35+ > 2(k +1) +1. 

Multiplying the inequality 3° > 2k? + 1 by 3 we get 
Bhat > 3(2k? +1), 

so it is sufficient for our purposes to prove that 
3(2k? +1) > 2(k +1) +1, for k > 1. 


Now 
3(2k? +1) > 2X(k +1) +1 
<=> 6k? +3 > 2k? +4k +3 
<=> 4k? > Ak, 
and this last equivalent inequality is certainly true 
for k > 1. Thus 


P(k) = P(k +1), fork > 1. 


Hence, by mathematical induction, P(n) is true, 
for n > 1. 


Solution to Additional Exercise D9 


Since x = 2/n > —1 for n > 1, we can apply 
Bernoulli’s Inequality with x = 2/n to obtain 


2\” 2 
l=] 21l+aļ=]=3 
n n 
Hence (by Rule 5 with p = n) we have 
2 
(i Sas, for n > 1. 
n 


Next, since x = —2/(3n) > —1 for n > 1, we can 
apply Bernoulli’s Inequality with z = —2/(3n) to 
obtain 


1 2 coe z= : 
—— n| -— | =-=. 
3n = 3n 3 


Hence (by Rule 5 with p = n) we have 


3n—2 jy 
>[- F 
3an ~ BB 


We can rewrite this inequality in the form 


3n 2 
gin > 14" forn > 1. 
= 0 p 
Putting these two results together, we get the 
required inequality. 


Solution to Additional Exercise D10 
Let P(n) be the statement 


1-3-5-...: (2n — 1) 
2.4-6... (2n) 


3/4 


< i 
2n +1 


P(1) is true since 


pan Veet 


Now let k > 1 and assume that P(k) is true; that 
is, 
128232..7 e 1 3/4 
2-4-6-...- (2k) 2k +1 
We wish to deduce that P(k + 1) is true; that is, 
1:3-5. (2k +1) -1) L 
2.-4-6-...- (2(k+1)) 


< 


3/4 
2(k+1)+1 


which simplifies to 


1:3-57.. (2k +1) — | 3/4 
2-4-6-...: (2k +2) 7 V2k+3 
Now 

1-3-5-...-(2k +1) 

2-4-6-...- (2k +2) 

o1 3-5-...- (2k — 1)(2k + 1) 
2-4-6-...- (2k)(2k + 2) 
3/4 x 2k+1 

= Piet TL * Dh 42? 


using the hypothesis that P(k) is true. Hence, to 
prove that the statement P(k + 1) holds, we need 
to prove that 


3/4 2k+1 


[3/4 
krl R Vara 


Simplifying this inequality gives 


vV2k+1 Pot 
T V\V2k+3 


2k +2 
But 
V2k+1 <a 
Qk +2 2k +3 
<=> (2k +1)(2k + 3) < (2k + 2)? 
le ae 


This last inequality is certainly true. Thus we have 
shown that 


P(k) => P(k +1), for k >1. 


Hence, by mathematical induction, P(n) is true, 
for n > 1. 


Solutions to additional exercises for Unit D1 


Solution to Additional Exercise D11 


(a) The set FÆ; is bounded above by 1, for 
example, since 


a<1, forre Fy. 


But E does not have a maximum element. For 
each x € E we have 0 < x < 1, so, by the Density 
Property, there is a rational number y such that 

x <y <1. Since y € Ej, we deduce that x is not a 
maximum element of E4. 


The set Ey is bounded above by 4, for example, 
since 


1 2 
(1+) <(1+1)=4, forn=1,2,.... 
n 


Also, 4 € Es since 4 = (1 + 1 when n = 1 and so 
4 is the maximum element of E». 
(b) The set E; is bounded below by 0, for 


example, since 


x>0, fora € Fy. 


Also, 0 € E and so 0 is the minimum element of 
E. 


The set Es is bounded below by 1, for example, 
since 


1\2 
(1+5) >1, forn=1,2,.... 
n 


But E> does not have a minimum element. For 
each z in Ey, we have x = (1+1/n)?, for some n, 
so there is another element of Es, for example 
(1+ 1/(n + 1))?, such that 


1+ l E tet Í 
— =] =r 
n+1 n 


Hence x is not a minimum element of FE». 


(c) As noted in part (a), 1 is an upper bound of 
Eı. To show that M = 1 is the least upper bound, 
we prove that, if M’ < 1, then there is an element 
x in E, which is greater than M’. Suppose that 
M’' < 1. Then, by the Density Property, there is a 
rational number x such that 


M’<ax<landz>0, 


so x € E and x > M’. Thus M’ is not an upper 
bound of Æ. Hence the least upper bound of E 
is 1. 

The least upper bound of Ev is 4, since 

max Ey = 4. 


(d) The greatest lower bound of E; is 0, since 
min F = 0. 


As noted in part (b), 1 is a lower bound of Es. To 
see that m = 1 is the greatest lower bound of Eo, 
we have to prove that, if m’ > 1, then there is an 
element (1 +1/n)? of E> such that 

(1+ 1/n)? < m. Suppose that m > 1. 


Since Vm’ > 1, we have 
(142) <w sgt eya 
n n 
= ~ <Vmi 1 
4> n>1/(Vm' —1). 


By the Archimedean Property, we can choose a 
positive integer n so large that n > 1/(vV m — 1). 
Hence, for this value of n, we have 


2 
1 ' 

(1++) <m 
n 


and so m’ is not a lower bound of Es. Hence the 
greatest lower bound of F» is 1. 


Solutions to additional exercises for Unit D1 


Additional exercises for Unit D2 


Additional exercises for Unit D2 


Section 1 Additional Exercise D17 

Additional Exercise D12 a that the following sequences (an) are not 
Calculate the first five terms of each of the (a) an=yn, n=1,2,... 
following sequences (an) and draw a sequence (-1)" 
diagram in each case. (b) an=1+ =e aa 1,2,... 
(a) an =n? —4n4+4, n=1,2,... 

= n+1 = 

(B a R E ogs Additional Exercise D18 


(c) an =sin(ġnr), n=1,2,... 
Use the fact that (1/n) is null to deduce that the 
following sequences (an) are null. State which rules 


Additional Exercise D13 


you use. 
Determine which of the following sequences (an) (a) an= 2 + = n=1,2, 
are monotonic. yn n 
n cos n 
(a) an= RFI m= L2 (b) LTES n=1,2,... 
—1)" ! 
Co ato (c) a=, n=1,2,. 
n n 


(c) a, =2”", n=1,2,... 


Additional Exercise D19 
Additional Exercise D14 
Use the identity a — b = (a? — b?)/(a + b) to prove 
Prove that the following sequences (an) are each that the sequence (an) is null, where 


eventually monotonic. ee 
(a) Ge =O" nh m= a =vntl—yn, m=1,2,.... 


(b) ey, =n+8/n, nm—1,2,.-. 
Additional Exercise D20 


Use the list of basic null sequences to prove that 


Section 2 the following sequences (an) are null. State which 
rules you use. 
E : 3 2n 
Additional Exercise D15 (a) an = mig "5 1,2,... 
10 
For each of the following sequences (an) and (b) an = T, n=1,2,... 
positive numbers £, find an integer N such that 
n~ 10” 
lanl < €, for all n > N. (c) an = al? n=1,2,... 

(a) an =(-1)"/n®, © =0.001 Hint: In part (c), you can express the sequence as 
(b) an =1/(2n+1)?, e= 0.002 a product of basic null sequences. 


Additional Exercise D160 


Use the definition of a null sequence to prove that 
the two sequences in Additional Exercise D15 are 
null. 


Additional Exercise D21 Challenging 


Determine whether or not the sequence (an) is 
null, where 
an = (n +1- n?P, n=1,2,.... 


Hint: Use the same identity as in 
Additional Exercise D19. 


Section 3 


Additional Exercise D22 


Show that the following sequences (an) converge to 
1, by calculating a, — 1 in each case. 
n—-1 


= =1,2,... 
(a) an, n+3’ n ra 
2 
n 
b ==> =1,2,... 
(b) an n2 +n+1’ ya 


Additional Exercise D23 


Use the Combination Rules to find the limits of the 
following sequences (an). 


2 
(a) wann 5 Lids 
n?+n+1 
2 n 
ne — 2 
(b) an = on + 20? 1,2,. 
5n! + 5” 
(c) an = pO pnl m= L 2e 


Additional Exercise D24 


Prove that if (an) is convergent with limit l, then 


(a2) is convergent with limit /?. 


Additional exercises for Unit D2 
Section 4 


Additional Exercise D25 


Classify the following sequences (an) as bounded or 
unbounded and as convergent or divergent. 


(a) an =n", n= 1,2... 


(b) an = 100”/n!, n=1,2,... 


Additional Exercise D260 


Use the Reciprocal Rule to prove that the 
following sequences (a,,) tend to infinity. 


(a) an =n!/n?, n=1,2,... 
b) an =n? +2n, n=1,2,... 
n= l, 2er 


( 
(c) an =n? — 2n, 
( 


d) a,=n!—n?-3", n=1,2,... 


Additional Exercise D27 


Use the Subsequence Rules to prove that the 
following sequences (an) are divergent. 


(a) an =, n=1,2,... 
(<1)"n® 
(b) On “on2 41? [eel le are 


Solutions to additional exercises for Unit D2 


Solutions to additional exercises for Unit D2 


Solution to Additional Exercise D12 


(a) 1,0,1,4,9. 
A 
9- ° 
e 
1A e e 
i 23 4 5 


1 1 1 
(b) 1,-3,§)—29 Ta: 
A 
14 e 
e 
J hd > 
12 3 4 5 ” 
1] : 
2 
1 1 1 
c ~de: 
Ee A 
A 
1- e 
+ = 
, 12 3 4 5 ” 
=1] 


Solution to Additional Exercise D13 


(a) Since an > 0 for all n, we can use Strategy D4. 
We have 


n n+1 
tog RS 
so 
anı _ (n+1)/(n+2) 
an — n/(n+1) 
2 
SO lai for n = 1,2,.... 
n= + 2n 


Thus (an) is increasing, so (an) is monotonic. 
(b) We have 


wle 


= = il = 
a, =—l, ag = 5, 43 = — 


Since a; < a2, we know that (a,,) is not decreasing; 
and since a3 < a2, we know that (an) is not 
increasing. 


Hence (an) is not monotonic. 
(c) We have 


An+1 = = an, 


This holds because, by the rules for inequalities 
(Rule 5 with p = n(n + 1)), 


91/(n+1) < gi/n 4 : gn < Pies 


and the right-hand inequality is true for 
m= 1,2)... 


Thus (an) is decreasing, so (an) is monotonic. 


Solution to Additional Exercise D14 
(a) We have a, > 0 for all n and 


Qng1 5H /(n+1) 5 
an 5" /n! o n+l’ 
Now 
5 
<1, forn=4,5,6,..., 
n+1 
So 
Qn41 S an, forn=4,5,6,.... 


Hence (an) is eventually decreasing, so (an) is 
eventually monotonic. 


(b) We have 
An+1 — a oe —(n+— 
n+l i F1 m 
=j 8 
n(n + 1) 
Now 
ee ees 
n(n + 1) n(n + 1) 
<=> n(n + 1) 


2 
ee 


8 
and this final inequality holds for n > 3. So 


Qnt41 2 an, forn> 3. 


Hence (an) is eventually increasing, so (an) is 
eventually monotonic. 


Solution to Additional Exercise D15 
i=l)? 


n> 


(a) We have |an| = | = and 


1 
— < 0.001 <> n° > 1000 
nr 


<=> n > 1000! = 3.98. 


for n = 1,2,.... 


10 


Hence 
lan| < 0.001, for all n > 3, 


so we can take N = 3. 
(b) We have |a,| = 1/(2n + 1)”, and 


Í 
Ona? < 0.002 == (2n+1)? > 500 
n 
<=> n > $(V500 — 1) © 10.68. 
Hence 
lan | < 0.002, forall n > 10, 


so we can take N = 10. 


Solution to Additional Exercise D16 
(a) We want to show that: 
for each e > 0, there is an integer N such that 
—1)” 1 
EUD 
n 


n5 
We know that 


for all n > N. (S1) 


1 ee 
-5 LE a n >- 
n € 


i 
< n> G) : 
E 
If we take N > (1/e)!/5, then statement (S1) 
holds. Hence (an) is null. 


(b) We want to show that: 


for each £e > 0, there is an integer N such that 


Ea <E, (S2) 


We know that 


for all n > N. 


<e 4 (2n +1} >1/e 


<> n>4(Vi/e-1). 


If we take N > į(y/1/e — 1), then statement (S2) 
holds. Hence (an) is null. 


(2n + 1)? 


Solution to Additional Exercise D17 


(a) We use Strategy D5. We have to find a 
positive number € for which there is no integer N 
such that 


|an| = Vn <e, 


Since yn > 4 for all n, we can take € = 4, for 
example. Hence (an) is not null. 


for all n > N. 


Solutions to additional exercises for Unit D2 


(b) We use Strategy D5. We have to find a 
positive number e€ for which there is no integer N 
such that 


—1)” 


3 


[<s for all n > N. 


for n > 2, 


so 
wr <5. for n > 2. 


So we can take e = 4, for example. Hence (an) is 
not null. 


Solution to Additional Exercise D18 


2 
(a) The sequences (=) and (=) are null,by 
the Power Rule and the Multiple Rule. 

Hence (an) is null, by the Sum Rule. 


(b) We guess that (an) is dominated by (bn), 
where 


This holds because 
|cosn| <1 for n= 1,2,..., 
and 


n?+1>n forn=1,2,..., 


so that 
1 
adi < =, forn=1,2,.... 
n2? +1 n 


Since (bn) is null, we deduce that (an) is null, by 
the Squeeze Rule. 


(c) Since 
n! 1x2x. xn 1 2 —1 
n” nXNX-'--XN n n n 
we have 
n! 
0 < — < -—, forn=1,2,.... 
n” 


Hence (an) is null, by the Squeeze Rule. 


11 


Solution to Additional Exercise D19 


Using the given identity, we obtain 


+1)-n 1 
Vs Se 
vn+l+yn vVn+livn 
Thus, for n = 1,2,..., we have 
1 1 
0<Vn4+1-V2= — < —. 
si yvn+I+yn vyn 


1 
Now the sequence (=) is null, by the 


Power Rule. 


Hence (an) is null, by the Squeeze Rule. 


Solution to Additional Exercise D20 


(a) Since 


1 1%” n 1\” 
m ri and 2, =n zj? 


both (1/4") and (n/3”) are basic null sequences, so 
(an) is null, by the Multiple Rule and the 

Sum Rule. 

(b) (n'°/n!) is a basic null sequence, so (ap) is a 
null sequence, by the Multiple Rule. 


(c) First note that 
a1 _ n”? 100" 
n! 10” n!’ 
Since (n!?/10”) and (100"/n!) are basic null 
sequences, (an) is null, by the Product Rule. 


forn=1,2,.... 


Solution to Additional Exercise D21 


The sequence (an) is not null. 


To prove this, we use Strategy D5. We have to find 
a positive number € for which there is no integer N 


such that 
lan|<e, foralln>N. 


Using the same identity as in 


Solutions to additional exercises for Unit D2 


Additional Exercise D19, we have that 


O 8n?+3n41 
(n 1)3/2 3/2 
3n? 
x 3n? 
= (2n)3/2 + 3/2 
3n? 3 
= @P +e p WUE > qvn 


3 3 
In particular, an > qv >F for n = 1,2,.... 


So we can take € = 3, for example. 


Solution to Additional Exercise D22 
(a) We have 


n— 1 
n+3 


An — 1 = 


n+3 


4 
Now (=) is a null sequence, by the 
n+3 


Squeeze Rule, since 


= = : 2. for n = 1,2, 
n+3 n+3` n 
Thus (an) is convergent with limit 1. 
(b) We have 
n? n+1 
An = 1 = — = — —, 
n?+n+1 n?+n+1 


ii 
Now pee is a null sequence, by the 
n?+n+1 


Squeeze Rule, since 


n+1 n+l | n+1 <1 
n2?+n+1|n2+n+1 n(n+1)+17 n’ 
for n = 1,2,.... Thus (an) is convergent with 


limit 1. 


Solution to Additional Exercise D23 
In each case we apply Strategy D7. 


(a) The dominant term is n?, so we write 


O n? _ 1 
on ntl 1+1/n+1/n?° 


Since (1/n) and (1/n?) are basic null sequences, we 
find, by the Combination Rules, that 


1 a 
1+0+0 


lim an = 
n->00 


12 


(b) The dominant term is 2”, so we write 
n?  n?/2”—1 
Qn +4 720 a 1 + n20/Qr ` 
Since (n?/2”) = (n?(5)”) and (n™/2”) = 
are basic null sequences, we find, by the 
Combination Rules, that 
j 0-1 _ 
aro A +0 
(c) The dominant term is n!, so we write 
5n! +5” — 5+5”/n! 
n10 4n!  niO/n! 41° 
Since (5"/n!) and (n10 /n!) are basic null 
sequences, we find, by the Combination Rules, that 
5+0 


Jim an = ES = 5: 


(n (3)") 


Solution to Additional Exercise D24 


The result follows from the Product Rule with 
bn = an, for n = 1,2,.... 


Solution to Additional Exercise D25 


(a) This sequence is unbounded and hence 
divergent, by Corollary D15. 


(b) This sequence is a basic null sequence. Hence 
it is convergent and therefore bounded, by 
Theorem D14. 


Solution to Additional Exercise D26 


(a) Each term of the sequence (an) is positive. 
Also 


1 nè 


an nl 

and (n3/n!) is a basic null sequence. 

Hence an — œ, by the Reciprocal Rule. 

(b) Each term of the sequence (an) is positive and 


1 1 1 
eer 


f a eee 
an n2+2n T n? Ra a 

Since (1/n?) is null, we deduce that (1/a,) is null, 

by the Squeeze Rule. 

Hence an — œ, by the Reciprocal Rule. 


2 so we first write 


(c) The dominant term is n 
an =n? —In =n? (1—2/n), 


Since 2/n < 1, for n > 2, we deduce that (an) is 
eventually positive. 


forn=1,2,.... 
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Next we write 
1 1 


o Ir 
n2?—2n 1-2/n 


an 
Now (1/n) and (1/n?) are basic null sequences. 
Thus, by the Combination Rules, 


Hence an — oo, by the Reciprocal Rule. 


(d) The dominant term is n!, so we first write 


for n = 1,2,.... 


Since (n/n!) and (3”"/n!) are basic null sequences, 
we know that there is some integer N such that 
3 gn 

uae se forn > N. 

n! n! 
Thus (an) is eventually positive. 
Next we write 

1 1 7 1/n! 
an nib—n3—3" 1—n3/n!—3"/n! 


Now (1/n!), (n?/n!) and (3"/n!) are basic null 
sequences. Thus, by the Combination Rules, 


Hence an — oo, by the Reciprocal Rule. 


Solution to Additional Exercise D27 
(a) We have 
do, = 23 =4" fork = Led POTN 


Each term of (a2) is positive. Also 


tt. fy 
ag, 4% \4) ` 


and ((1/4)*) is a basic null sequence. Hence 
ak > 00, by the Reciprocal Rule. Thus (an) is 
divergent, by the Second Subsequence Rule. 


(b) We have 
— (2k)? 4k? 
Ik = Ik +1. 8k2 +1 8+1/K 


and 


a -(2k- 1) — 4k?-—4k+1 
2k-1 — 2k 1) +1 8k? —8k +3 
— 4-4/k +1/k? 
~ B= 8/k+3/k? 
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Now (1/k) and (1/k?) are basic null sequences, so 


lim ag, = 3; whereas jim Qop-1 = —, 
OO 


by the Combination Rules. 


Hence (an) is divergent, by the First Subsequence 
Rule. 


Solutions to additional exercises for Unit D2 
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Additional exercises for Unit D3 


Section 1 
Additional Exercise D28 


[0,6] 
Prove that D (—4)” is convergent and find its 


n=0 
sum. 


Additional Exercise D29 


Prove that 
1 1 2 
QIn—-1 n+l m-l’ 
and deduce that 


CO 

ye ii. 
4n?—-1 2? 

n=1 


for n = 1,2,..., 


Additional Exercise D30 


Determine the behaviour of the following series. If 
the series is convergent, find its sum. 


o D(() +a) 
© Sa”) 


neal 
Hint: For part (a), you may find it helpful to refer 
to the solution to Exercise D43 in Unit D3. 


Section 2 


Additional Exercise D31 


Determine whether or not the following series are 
convergent. 


z J2n n+1) 
a OS 
oO n2 n oo n! 2 
Or oye 
— n! = (2n) 


Additional Exercise D32 Challenging 


(a) Use the Ratio Test to show that 
2 Pn! 


Se 


n=l 


converges 


<3" n! 
ee 


n=1 


diverges. 


(b) For which positive values of c can you use the 
om 
is 
n 


oO 
Ratio Test to prove that > 


n=1 


n 


convergent? 


Hint: Use the fact (from Unit D2) that 
(1+1/n)" > e as n > o. 


Section 3 


Additional Exercise D33 


Determine which of the following series are 
convergent. 


a (eH 


(a) ita b) 3 n2 
© (-1)"* 1 n! = n+Q2” 
°) re (d) D745 
= —1)"41y 
(e) pe i 2 


Additional Exercise D34 Challenging 


Prove that 
1 1 1 
8n—-2  3n-1 3n 
and deduce that the series 


eee Soh ee =a 
2 3 4 5 6 


—, fe = l 2e 
m n 525 


(1) 


is divergent. 


, 
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Solution to Additional Exercise D28 


This is a geometric series with a = 1 and r = = 
Since |r| = |4| = 4 < 1, the series is convergent, 
with sum 
1 5 

1-(-#) 9 
Solution to Additional Exercise D29 
For n = 1,2,..., 

1 1 (Qn +1)-(n-1) 
Qn-1 Intl (2n—1)(2n+1) 
2 2 


~ Qn—DQn+1) 4n2—1’ 
as required. 


Thus the given series is a telescoping series and the 
nth partial sum sn is D: by 


w= gaa: 2 (ST a 
EG-J- 
taa mai) 


All the terms cancel out except for the first term in 
the first bracket and the second term in the last 
bracket. Thus 


a 1 
nog n+l 


Since (1/(2n + 1)) is a null sequence, it follows that 


: =i 
lim sn = 5, 
n— o0 


so the series is convergent, with sum 5: 
Solution to Additional Exercise D30 


(a) The series J (4)” is a geometric series, with 
n=l 
4. Since |r| = 


convergent, with sum 


a=r= 4 < 1, the series is 


1 
(n + 2) 
see the aa to Exercise D43 in Unit D3. 


The series a 


is convergent, with sum 3; 


Hence, by the Combination Rules, 


4 
X TAT 
with sum 4 + (4 x 3) =T: 


(b) Let an = 1 + (4)”. Since ((5 
sequence, it follows from the Combination Rules 


OO 


) is convergent, 


)?) is a basic null 
for sequences that 
Jim, Qn, =140. 


Hence, by the Non-null Test, 
DELOD 


Solution to Additional Exercise D31 


(a) We guess that this series is dominated by 
S (1/n?). Indeed, since 


is divergent. 


0<1/n<5, for n = 1,2,..., 
we have 
0 < cos(1/n) < 1, for n= 1,2,.... 
Hence, for n = 1,2,..., 
cos(1/n) < 1 1 
T 2+3 7T 2n?+3 7 


Since $`% 1/n? is a basic convergent series, we 
deduce by the Comparison Test that 


X cos(1/n 
> (1/n) 


is convergent. 
= 2m? +3 j 


(b) Let 


Ee for n = 1,2,.... 
We guess that, for large n, the terms of this series 
behave like n?/n? = 1/n and we know that 

Xz 1/n is divergent. We cannot compare an and 
1/n directly so we use the Limit Comparison Test 
with 


1 
=. forn=1,2,.... 
n 


bn 
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Both a, and b, are positive and, by the 
Combination Rules for sequences, 


2 
a: ~ (= -) 


1 1 
= —— ZG, 
2—1/n2 ? a 

Since X> 1/n is a basic divergent series, we 
deduce by the Limit Comparison Test that 

Sn. 

5 ——— is divergent. 

2n3 — n 

n=1 

(c) Let 


V2n 
4n3 +n+2’ 
We guess that the terms of this series behave like 
JVn/n3 = 1/n5/ and we know that 37°, 1/n5/? is 
convergent. We cannot compare an and 1/ n5/2 
directly so we use the Limit Comparison Test with 


i 
5/2? 


ün = forn=1,2,.... 


bn for n = 1,2,.... 


Both a, and b, are positive and, by the 
Combination Rules for sequences, 


ün J2n n5/2 
bn \4n3+n+2 a 
eer 
~ And +n+2 
E v2 
= 44-1/n? +2/n3 
Since 57°, 1/n*/? is a basic convergent series, we 
deduce by the Limit Comparison Test that 


$2 
4n3 +n+2 
n=1 


(d) Let 


+ 1iV2£0. 


is convergent. 


(n +1) 
an =)? 
2N 
We guess that the terms of this series behave like 
n° /2” and we know that X72} n5/2” is convergent, 
so we use the Limit Comparison Test with 


n° 


= On? 


forn=1,2,.... 


bn n=1,2,.... 


Both a, and by, are positive and, by the 
Combination Rules for sequences, 


a ce 
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Since $`% n°/2” is a basic convergent series, we 
deduce by the Limit Comparison Test that 


yp ee 


on is convergent. 


n=l 


(Alternatively, we can either note that 


CO CO CoO 

(n+1)? _ n5 n° 
> Qn aD ee ee De 
n=1 n=2 n=2 


and use the Multiple Rule, or we can use the Ratio 


Test: 
(2) (Ey) E 


which converges to 4 < 1.) 


An+1 
an 


(e) There is no obvious basic series to compare 
with, so we try the Ratio Test. Let 
n23” 
1 , 
n! 


ün = forn=1,2,.... 


Then a, is positive and 


Qn41 _ ((n+1)?3"t1 n! 
an ={ (n+ 1)! ) (=e) 
3(n + 1) 
n2 


1 1 
=3|-+5). 
(- X =>) 
Hence, by the Combination Rules for sequences, 


a 
m o<], 


n 


Thus, by the Ratio Test, 


as n — OO. 


(oe) 
n23” 
J is convergent. 
n! 
n=1 


(f) Again, we try the Ratio Test. Let 
(nt)? 


On ort Ty Teese 
Then 
Qn41 _ { ((n+1)!)?\ ((2n)! 
a = (rar) (ia) 
(n +1)? 
~ (2n + 2)(2n +1) 
> n+l — 141/n 
~ 2(2n4+1) 2(2+1/n)" 
Hence, by the Combination Rules for sequences, 
eos see as n — oo. 
An 4 


Vs 
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Thus, by the Ratio Test, 


nije, 
is convergent. 
n)! 


Solution to Additional Exercise D32 
(a) Let 


2" n! 


ün = for n= 1,2,...; 


nr? 


= (Fara) (ae) 
_ 2n+1)n" 
> (n+1)r+t 
2n” 2 
~ (1+1/n)" 


then 
An+1 
an 


(m+ 1)" 
Thus 
2 
M ee, 
an e 
Thus, by the Ratio Test, 
< Pn! 


Pee 


n=1 


as n —> ©. 


is convergent. 


If an = 3"n!/n”, then a similar calculation yields 


An+1 3 
ee Se as n —> OOo. 
an e 


so, by the Ratio Test, 
X 3”n! 


D 


n=l 


is divergent. 


(b) We follow the same approach as in part (a). 
So, for any positive number c, let 


| 
an = —, for n = 1,2, : 
then 
An+1 tin +1)! n” 
—— — a eee as x 
an (n+1)r+1 ann! 
— e(n+1)n” 
E (n+ 1)art 
en c 
aF Apu 
Hence 
An+1 C 
— >-, as n > œ. 
Qn e 


It follows, by the Ratio Test, that the series 


oO 
cn! 
a nr 


n=l 


is convergent if 0 < c < e and divergent if 
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c > e. However, if c = e the ratio 


An+1 
an, 


—> 1, as n —> o0; 


and so the Ratio Test gives us no conclusion either 
way. 
Remark If c = e, then the series is also divergent, 


but this is harder to prove. One method is to use 
the inequality 


1 n 
n> (24 ) , forn=1,2,.... 
e 


From this inequality, we deduce that 


e”n! ( +1 
> 


Since lim (1+ 1/n)” = e 40, we deduce that 
n— oo 

(e”n!/n”) is not a null sequence. 

Hence, by the Non-null Test, 


e”n! 


OO 
ae 


n=1 


is divergent. 


Solution to Additional Exercise D33 
(a) We use the Alternating Test. 

Let 

(-1)"*+ 
1+Jn’ 


Then an = (—1)"*1b, where 


ün = for n =1,2,.... 


bn for n= 1,2,.... 


1 
T+ yn’ 
Now 
1. bn > 0, for n = 1,2,... 

2. (bn) is a null sequence by the Squeeze Rule, 


since 
1 


1 
Lon oe 
3. (bn) is decreasing, because (1/b,) = (1+ yn ) is 


increasing. 


0<b,= for n =1,2,... 


Hence, by the Alternating Test, 
oO (1 


Daa 


n=l 


(b) We guess that this series is dominated by the 
basic convergent series 5>(1/n?). Indeed, let 


is convergent. 


sinn 
n2 ’ 


ün = for n = 1,2,.... 


) = (1+ 1/n)”, for n= 1,2,.... 
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Since }>°°_,(1/n”) is convergent, it follows from 
the Comparison Test that X77 |an| is convergent. 
Hence, by the Absolute Convergence Test, 


OO n 
5y sin 72 
n2 


is convergent. 


n=1 
(c) Let 

TE cee forn=1,2,.... 
Then 

1 n*+3 n* 3 

a: ak a a 


It follows from the Reciprocal Rule that |a,,| — co 
as n — oo. Thus, by the Non-null Test, 


- is divergent. 


an = ——, forn=1,2,.... 


We guess that an behaves like 2”/3” = (2)" for 
large n, so we use the Limit Comparison Test with 


n= B", 


Both a, and b, are positive and 


an n+2” 3\” 
m (5 + 5) (5) 
3” (n + 2”) 
~ 97(3” + 5) 
n 
= M >1#0. 
Since 7°, (3)" is a basic convergent series, we 
deduce by the Limit Comparison Test that 


forn=1,2,.... 


is convergent. 
= 3% +5 
(e) We use the Alternating Test. 
Let 
—1 n+l 
an= EE, forn=1,2,.... 


Then a, = (—1)"'b,, where 


for n = 1,2,.... 
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Now 
1. bn > 0, for n = 1,2,... 
1 
2. tn = ae m > 0 as n— œ so (bn) 


n2? +2 1+2/nr? 
is a null sequence 


3. (bn) is decreasing, because 
242 2 
(1/bn) = (7 = ) E (n+ =) is increasing. 
n n 
Hence, by the Alternating Test, 


3 (-1)"t!n 
n2 +2 


n=l 


is convergent. 


Solution to Additional Exercise D34 


Since 3n — 2 < 3n and 3n — 1 < 3n, we have 
1 1 I 1 1 1 


In—2 3n—-1 n n n n 
=—, fom 
3n 
We now write series (1) as }7°°., an where 
: =e > : f 1,2 
i= — — = or 
a a= ml ae. 


We have just shown that 


1 
an > —, forn=1,2,.... 
3n 


Since }*°°_,(1/n) is a basic divergent series, it 
follows from the Corollary to the Multiple Rule 
(Corollary D26) that $°°°_,(1/(3n)) is also 
divergent. It now follows from the Comparison 
Test that 


OO 
> an is divergent. 


n=l 
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Additional exercises for Unit D4 


Section 1 


Additional Exercise D35 


Let f and g be the functions 


1 


f(z) =tanz (x € (—g7,57)) 


and 
g(x) = Va 


Determine the domain and the rule of the following 
functions. 


(a) f+g 
(e) gof 


(x € [0,00)). 


(b) fg (c) f/g (d) fog 


Additional Exercise D30 


Prove that the following function has an inverse 
function, and find the domain and rule of this 
inverse function. 

x—1 


fey x+2 


Hint: It may help to write 
a 3 
zc+2 — g+? 


(x € (—2,00)) 


Additional Exercise D37 


By checking the definition, prove that each of the 
following functions is strictly monotonic. 


a osr Lic 5 Weta 


(x € [0,00)) 


Section 2 


Additional Exercise D38 


Use the appropriate rules, together with the list of 
basic continuous functions, to prove that the 
following functions are continuous. (Recall that 
exp(x) is an alternative way of writing e” and is 
useful when taking the exponential of a long 
expression. ) 


(a) f(x)= exp(sin(z? +1)) (eR) 
(b) f(z) =e¥* +> (a € [0,00)) 


Additional Exercise D39 


Determine whether the following functions are 
continuous at 0. 


x <0, 


. ow 
r= 


_ Jsingsin(1/z), «x 40, 
(b) rozh le 
_ f(a/2)cos(t/x), £0, 
© rozk n 
0, x <0, 
(a) me es 


Additional Exercise D40 


Prove that the following function is continuous 
at ir and at — 4r. 


1 
=1, tszi; 
f(z) = sinz, ~r <z <4r, 
1 
1, T> 5T 
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Section 3 


Additional Exercise D41 


Prove that the function 
f(z) =x-sint—3n (x ER) 


has a zero in the interval (37, or). 


Additional Exercise D42 


Suppose that the function f : [0,1] —> [0,1] is 

continuous. Prove that the equation 
f()=2° 

has a solution in the interval [0, 1]. 


Hint: Consider the function 
g(x) = f(a) — z? (x € [0,1]). 


Additional Exercise D43 
Prove that each of the following polynomials has 
the stated number of zeros: 
(a) p(x) = zt — 4r? + 327 +2xr— 1, four zeros 


(b) p(x) = 32° — 8r? +x +3, three zeros. 


Section 4 


Additional Exercise D44 


Prove that each of the following functions has a 
continuous inverse function and determine the 
domain of the inverse function in each case. 


G Jst 5 weli 


1 
(b) f(x) = Gan (x € [0,00)) 


Hint: We proved that these functions are 
monotonic in Additional Exercise D37. 


Additional Exercise D45 


State whether or not each of the following 
statements is true. 


(a) sin(sin™t x) =a, for x € [—1, 1]. 


(b) sin™t(sin z) = z, for x € R. 


Additional exercises for Unit D4 


Additional Exercise D460 


(a) Prove that the identity 


for x,y E€ R, 
is true, provided that tan~! x + tan™! y lies in 
(—4r, ir). 

(b) Hence evaluate 


tant ($) + tan~! (4). 
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Solution to Additional Exercise D35 
(a) The domain of f +g is 

(—4n, tr) N [0, o0) = [0, 4); 
the rule is 

(f +g)(x) = tan z + vz. 


(b) As in part (a), the domain of fg is [0, 57); 
the rule is 


(f9)(x) = Vr tanz. 
(c) The domain of f/g is 
(0, in) = {x : Jz = O} = (0, žr); 


the rule is 
_ tan x 


(f/9)(#) = i. 
(d) The domain of f o g is 

{x € [0,00) : VZ € (~3n, 4n)} = [0, n°); 
the rule is 

(f © g)() = tan Vx. 
(e) The domain of go f is 


{x € (—97, 37) : tanz € [0,00)} = [0, 57); 
the rule is 


(go f)(x) = vtanz. 
Solution to Additional Exercise D360 


First we solve the equation 

x-1 

r+2 
to obtain x in terms of y. We find that 
x-1 3 3 

=1- <> t= -2+ —. 

r+32 xr+2 ‘. j l-y 
Thus f is one-to-one, so f has an inverse function 
with rule f-(y) = —2 + 3/(1 — y). 
Now we find the image set of f, which is the 
domain of f~!. For each x € (—2,00), we have 
3/(a +2) > 0, so y < 1. Hence 
Ff ((—2, 00)) € (—00, 1). 


Also, for each y € (—oo, 1), we have 1 — y > 0, so 


3 
=) 9 a —?2 
x +: n , 00) 


Thus f((—2,00)) D (—oo, 1), so 
f((-2, 00)) = (—00, 1). 


Hence the domain of f~! is (—oo, 1), so, adopting 
the usual practice of denoting the domain variable 
by x, we have 


pp ae = cela 


Solution to Additional Exercise D37 


(a) If 0 < zı < z2, then zł < 23 and z? < z2 so 
that —1/x? < —1/x2. 


Hence 
1 1 
z3 +l- -5 <r} +l--, 
Ti T2 


so f is strictly increasing on (0,00). 
(b) If 0 < x < z2, then 0 < x3 < 23, so 
1+a3 <1+23. 


Hence 
1 1 


———— > = — aa 
(1+ a9)? ~ (1+ 23)? 


so f is strictly decreasing on [0, o0). 


Solution to Additional Exercise D38 


(a) Let g(x) = £? +1, h(x) = sin x and k(x) = eë. 


Then g, h and k are basic continuous functions. 
Hence, by the Composition Rule, 


f =kohog is continuous. 


(b) Let g(x) = yz, h(x) = e” and k(x) = 2°. 
Then g, h and k are basic continuous functions. 
Hence, by the Composition Rule and the Sum 
Rule, 


f =hog+k is continuous. 


Solution to Additional Exercise D39 
(a) We prove that 


x+1’ 7 
is discontinuous at 0, using Strategy D14. We 
choose 
1 


in ==; 
n 


n=l ea 
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Then zn > 0 and 
f (tn) = £n > 0. 
Since f(0) = 1/(0+ 1) = 1, we have 
f(&n) > F(0), 
which shows that f is discontinuous at 0. 
(b) We prove that 
oo x #0, 
0, x=0, 
is continuous at 0, by using the Squeeze Rule. 
Now 
—1 < sin(1/x) < 1, for x #0, 
so 
— sing < sin vsin(1/x) < sin z, 
for x € (0,7), 
since sin x > 0, for x € (0,7). 
Also, 
— sin g > sinzsin(1/zx) > sin z, 
for x € (—7,0), 
since sing < 0, for x € (—7,0). 
Hence 
—|sinz| < sin z sin(1/x) < |sin z|, 
for 0 < |z| < r. 
Since f(0) = 0, we deduce that 
—|sin z| < f(x) <|sinz|, for x € (=r, r). 
Thus, if we take J = (—r, 7r), and 
g(x) =—|sinz| and h(x) = |sinz], 
then condition 1 of the Squeeze Rule is satisfied. 


Next, f(0) = g(0) = h(0) 
Squeeze Rule is satisfied. 


0, so condition 2 of the 


Finally, the functions g and A are continuous at 0, 
by the Composition Rule and Multiple Rule, so 
condition 3 of the Squeeze Rule is satisfied. 


Hence f is continuous at 0, by the Squeeze Rule. 
(c) We prove that 


_ J (1/x)cos(1/x), x 40, 
rozk a 
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is discontinuous at 0, using Strategy D14. We 
choose 


= Vy Dyan 


Ln = — 
NT’ 


Then zn > 0, and 


Since f(0) = 0, we have 
f(2n) > F(0), 


which shows that f is discontinuous at 0. 
(d) We use the Glue Rule. Let J = R and define 
the functions g and h by 
g(z)=0 and A(z) = yz. 

Then f is defined on I and 0 € J. Also, 

f(z) = g(x), 

f(x) = h(x), 
so condition 1 of the Glue Rule holds with a = 0. 


Moreover, f(0) = g(0) = h(0) 
holds. 


Finally, g and h are basic continuous functions so 
they are continuous at 0, and so condition 3 holds. 


for x € (—o0, 0), 
for x € (0,00), 


0, so condition 2 


Hence f is continuous at 0, by the Glue Rule. 


Solution to Additional Exercise D40 


We use the Glue Rule. Take I = (—47,00) and 
define the functions g and h by 
g(lx)=sing and Ala’) =I, 
Then f is defined on J and ir € I. Also, 
f(x) = g(x), 
fe) =h(x), for z € (4,00), 


so condition 1 of the Glue Rule holds with a = ir. 


for x € (—$7, 57), 


Moreover, 
gr) = f(r) = h($r) = 1, 
so condition 2 holds. 


Finally, g and h are basic continuous functions so 
they are continuous at ir, and so condition 3 
holds. 


Hence f is continuous at ir, by the Glue Rule. 


A similar argument can be given for a = —4r, with 
I = (~, $m), g(x) = —1 and h(x) = sin z. 


(Alternatively, note that f is an odd function: 
f(z) =- f(-x), 


so the continuity of f at -4r follows from its 


continuity at ir, by the Composition Rule and the 
Multiple Rule.) 


for x € R, 


Solution to Additional Exercise D41 


By calculation, 


= —sin(47) = ~V/3/2 <0 


because 7 > 3. 


Also, f is continuous by the Combination Rules 
(since it is a sum of basic continuous functions). 


Hence, by the Intermediate Value Theorem, f has 
a zero in (37, 27). 
Solution to Additional Exercise D42 


If f(0) =0 or f(1) = 1, then we can take c = 0 or 
c = 1, respectively. 


Otherwise, we have f(0) > 0 and f(1) < 1, since 
0< f(x)<1,fr0<xr<1. 


We consider the function 
g(x) = f(æ)— z? (xe [0,1]). 


Now g is continuous on [0,1], by the Combination 
Rules. Moreover 


g(0) = f(0)-0>0 


g(t) =f) -1<0. 


Thus, by the Intermediate Value Theorem, there is 
a number c in (0,1) such that 


g(c)=0, so f(c) =e’. 


Solution to Additional Exercise D43 
(a) When 


p(x) = zf — 42° 4 
we have 


M=1 + max{|—4, |3], |2|,|—1]} = 5, 
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so all the zeros of p lie in (—5,5), by Theorem D54. 

Calculating p(n) for integers n in [—5,5], we obtain 
2 3 

-1 5 


n —2 -1 0 1 

p(n)| 55 5 —1 1 

Thus p changes sign on each of the intervals 
[—1,0], [0,1], [1,2], [2,3]. 


Since p is continuous, we deduce by the 
Intermediate Value Theorem that p has a zero in 
each of the intervals 


(—1,0), (0, 1), (1,2), 
So p has at least four zeros. Since p is a 
polynomial of degree four, it has at most four 
zeros. Thus p has exactly four zeros. 
(b) We have 

p(z) = 32° — 8r? +243 


(2,3). 


= 3(a° — $z? +4241). 
For q(x) = z? — Sy? + iz + 1 we have 
M=1 + max{|—8],|$], |1} = 4, 


so all the zeros of q, and hence of p, lie in 
(—4, 4), by Theorem D54. 


Calculating p(n) for integers n in [—4, 4], we obtain 
-1 0 I 2 3 
9 3 -1 -3 15` 


n —2 


p(n) | —55 


Thus p changes sign on each of the intervals 
[-1,0], (0, 1], [2, 3]. 


Since p is continuous, we deduce by the 
Intermediate Value Theorem that p has a zero in 
each of the intervals 


(=1,0), (0, 1), 


So p has at least three zeros. Since p is a 
polynomial of degree three, it has at most three 
zeros. Thus p has exactly three zeros. 


(2,3). 


Solution to Additional Exercise D44 
(a) We use Strategy D15. 


1. We showed that f is strictly increasing on 
(0,00) in Additional Exercise D37(a). 


2. The function 


5 2 
f(a) = +1- = H (we (00) 


x 
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is the restriction to (0,00) of a rational function 
which is continuous on R — {0}. Hence f is 
continuous. 


3. Choose the increasing sequence (n), which tends 
to oo, the right endpoint of (0,00). Then 


1 

f(n) =n? +1-— > 00 as n —> œ, 
by the Reciprocal Rule. Thus the right endpoint of 
J = f((0,œ0)) is co. 
Then choose the decreasing sequence (1/n), which 
tends to 0, the left endpoint of (0,00). Then 

f(1/n) = 1/n? +1-—n* + -o asn —> o, 
by the Reciprocal Rule. Thus the left endpoint of 
J is —oo. 


Hence J = (—oo,0co) = R, so f has a continuous 
inverse function 


f~t: R — (0,00), 
by the Inverse Function Rule. 
(b) We use Strategy D15. 


1. We showed that f is strictly decreasing on 
[0, 00) in Additional Exercise D37(b). 
2. The function 


1 
Io) = aap 


is the restriction to [0, 00) of a rational function 
which is continuous on R — {1}. Hence f is 
continuous. 


(x € [0,00)) 


3. We have f(0) = 1, so the corresponding 
endpoint of J = f([0,0o)) is 1, and 1€ J. 
Now choose the increasing sequence (n), which 
tends to oo, the right endpoint of [0, o0). Then 


fl) = Gar > 0 as n —> oo. 


Thus the corresponding endpoint of J is 0, and 
O0¢€ J. 


Hence J = (0, 1], so f has a continuous inverse 
function 


f~t} : (0,1] — [0, 00), 


by the Inverse Function Rule. 


Solution to Additional Exercise D45 
(a) True: by definition, 
sin(sin-'x) =g, for x € [1,1]. 


(b) False: for example, 


sin‘ (sin 27) = sin™t 0 = 0. 
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Solution to Additional Exercise D46 


(a) Let a=tan-!z and b = tant y. Then 
x = tana and y = tan b, so 


t 
e e ana + tanb 7 ty 
1l—tanatanb 1-— zy 
Hence 
a +b = tan”! (=), 
1 — xy 


provided that a + b lies in (—}7, $r), which is the 
image of tan™t. Thus 


tan! z+ tan! y= tan`! ae 3 
1 — zy 


provided that tan™! æ + tan™! y lies in (—4r, ir). 
(b) Since tan™! is strictly increasing, we have 
0 <tan7'(4) + tan7'(4) < 2tan™ (1) = $r. 


Hence, we can apply the formula in part (a): 
1 


5 z wara 
tan” 1(5) + tan 1(4) = tan : t=) 
6 


= tan“! (1) = 4r. 


25 


